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Abstract 


In this study, we determine some special Smarandache curves accord- 
ing to Darboux frame in E? . We give some characterizations and conse- 
quences of Smarandache curves. 
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1 Introduction 


In differential geometry, there are many important consequences and properties 
of curves. Researchers follow labours about the curves. In the light of the exist- 
ing studies, authors always introduce new curves. Special Smarandache curves 
are one of them. This curve is defined as, a regular curve in Minkowski space- 
time, whose position vector is composed by Frenet frame vectors on another 
regular curve, is called a Smarandache Curve [6]. Special Smarandache curves 
have been studied by some authors [1, 3, 6]. M. Turgut and S. Yilmaz have 
defined a special case of such curves and call it Smarandache TBz Curves in 
the space Ej [6]. They have dealed with a special Smarandache curves which 
is defined by the tangent and second binormal vector fields. Besides, they have 
computed formulas of this kind curves by the method expressed in [6]. A. T. 
Ali has introduced some special Smarandache curves in the Euclidean space [1]. 
Special Smarandache curves such as Smarandache curves TN, TN2, N; No and 
TN,Nz2 according to Bishop frame in Euclidean 3-space have been investigated 
by Cetin et al [3]. Furthermore, they studied differential geometric properties 
of these special curves and they calculated first and second curvature (natural 
curvatures) of these curves. Also they found the centers of the curvature spheres 
and osculating spheres of Smarandache curves. 
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In this study, we investigate special Smarandache curves such as Smaran- 
dache Tg, Tn, gn and Tgn according to Darboux frame in Euclidean 3-space. 
Furthermore, we find some properties of these special curves and we calculate 
normal curvature, geodesic curvature and geodesic torsion of these curves. 


2 Preliminaries 


In this section, we give an information about special Smarandache curves and 
Darboux frame. Let M_ be an oriented surface and let consider a curve a (s) 
on the surface M . Since the curve a(s) is also in space, there exists Frenet 
frame {T,N,B} at each points of the curve where T is unit tangent vector, 
N is principal normal vector and B is binormal vector, respectively. The Frenet 
equations of the curve a(s) is given by 


T=KkN 
N =-«T+7B 
B'=—1TN 


where « and 7 are curvature and torsion of the curve a(s) , respectively. Here 
and in the following, we use “dot” to denote the derivative with respect to the 
arc length parameter of a curve. Since the curve a(s) lies on the surface M 
there exists another frame of the curve a (s) which is called Darboux frame and 
denoted by {T,g,n}. In this frame T is the unit tangent of the curve, n is the 
unit normal of the surface M and g is a unit vector given by g= nx'T. Since 
the unit tangent T is common in both Frenet frame and Darboux frame, the 
vectors N,B,g, n lie on the same plane. So that the relations between these 
frames can be given as follows 


T 1 0 0 T 
g|=|0 cosy sing |-| N (2.1) 
n 0 -—siny cosy B 


where y is the angle between the vectors g and n. The derivative formulae of 
the Darboux frame is 


eal 0 ky kn T 
el|=|-—k 0 t,]-|e (2.2) 
aa —kn —-T, O n 


where , kg is the geodesic curvature, k, is the normal curvature and T, is the 
geodesic torsion of a (s). 
The relations between geodesic curvature, normal curvature, geodesic torsion 
and & , T are given as follows 
dp 


kg =kcosy, kn = Ksing , fg ST ti (2.3) 
S 


In the differential geometry of surfaces, for a curve a(s) lying on a surface 
M the followings are well-known 


i) a(s) is a geodesic curve = k, = 0, 

ii) a(s) is an asymptotic line © k,, = 0, 

iii) a(s) is a principal line = 7, = 0, [7]. 

Let a = a(s) and B = 6(s*) be a unit speed regular curves in EH? and 
{T,N,B} be moving Serret-Frenet frame of a(s) . Smarandache curves TN 
are defined by 6(s*) = + (T+N), Smarandache curves NB are defined by 


V2 
B(s*) = w (N+ 8B) and Smarandache curves TNB are defined by 6 (s*) = 
wy (T+N+B). 


3. Special Smarandache Curves According To Dar- 
boux Frame In E® 


In this section, we investigate special Smarandache curves according to Darboux 
frame in E%. Let a = a(s) and 8 = B(s*) be a unit speed regular curves in E? 
and defined by {T,g,n} and {T*,g*,n*} be Darboux frame of these curves, 
respectively. 


3.1 Tg— Smarandache Curves 


Definition: Let M be an oriented surface in E® and let consider the arc - 
length parameter curve a = a(s) lying fully on M. Denote the Darboux frame 
of a(s) {T,g,n}. 

Tg- Smarandache curve can be defined by 


perk 
PA) =e Ee): (3.1) 


Now, we can investigate Darboux invariants of Tg — Smarandache curve 
according to a = a(s). Differentiating (3.1) with respect to s, we get 


/ dBds*  -1 


and ish f 
» aS = 
Ege We (kg T—kgg— (kn + Tg) 1) 
where 


ds* Qk2 + (kn +79)" 
es ; a. (3.3) 


The tangent vector of curve 6 can be written as follow, 


_— (kgT—kgg— (kn +7) 0). (3.4) 


2 
2k? + (kn + Tg) 


Differentiating (3.4) with respect to s, we obtain 


dT™* ds* —1 
aa as = (1, T+Tog + T3n) (3.5) 


(2k2 + (im + 79)°)* 


where 


Pi = (kin +79) {hy (Ki, +74 — fnkig — Tokig) — ki, (Kin +79) — hn [242 + (Fin + 79)"| } — 24 
Ta = (lin +79) {hg (Hy, +7 + Baki + Tokig) + hy (hn +79) — 79 [22 + (km +7.9)°] } — 2k 
T's = ky (kn + To) |-2%; — ky + T9 (Kn + r4)| + 2k? (karo +k, +7, 


Substituting (3.3) in (3.5), we get 
v2 


ne 
(2K2 dea + 4)°) 


(T,T4+Tog + T'3n) : 


Then, the curvature and principal normal vector field of curve 6 are respectively, 


e= || - CET, 
(2k2 + (km + 75)°) 
and i 
N* = — ([, T4+Iog4+Ps3n). 
T+? +1? (Ti 28 3n) 
On the other hand, we express 
1 T g n 
B* = T*xN* = ————_______—————__ | -k, kg kn+T, 


2k2 + (kn +79) VTattetis| Tr To Ts 


So, the binormal vector of curve ( is 


: 1 
BS (1, T+ rn + gn) 


2k2 + (kn +79) Tatts +13 


fy = gl'3— (kn + Tg) P2 
Ha = (kn +79) PitkgDs3 
3 = —kgVo—kg V4. 


where 


We differentiate (3.2) with respect to s in order to calculate the torsion 


B° =e (K +H + he (kn +79)) T+ (-k, + +75 (Kin 4 4) 84 (hak KgTg ky +7,) n}, 


and similarly 
oe = (7, T+n2g + 3) , 
where 
th = hy + 2lin (iy +7,,) + hy (3K, — 72 — 2 — k2) + Ki, (en + 79) 
Np =—k, +27g (k, + ti) + kg (3K, +724 ko + k2) +7, (kn +74) 
ny =—h, — 7, + kg (K, = 4) + (kin +79) (72 + #2 + 2) + 2k, (ln — Ty). 


The torsion of curve ( is 


, , 


1 (+12) [hy (Bn +79) — Ba (hn + 79)] + (245 + (hn + 709)°) [rom — hata + Rott 
V2 2 CG + kA) + (kn + Tq) [en +79) (k2 +72) + 2kp (K; + i?) +275 (k, _ i?) — 
(Fn +75) [Ru +g — 2g (kn — 79)] +42 (Fen — 79)? 


ce = 


The unit normal vector of surface M and unit vector g of 6 are as follow. Then, 
from (2.1) we obtain 


g = ae {(/¢ cos y*T1 + sin p*p,) T+ (/6 cos y*T2 + sin y* fg) g+ (/¢ cos y*T3 + sin y* p15) n} , 


n* = Fee tn cos y* — /¢sin y*T1) T+ (uy cos y* — 6 sin y*P2) g+ (U3 cos p* — /csiny*Ts3) n}. 


where € = T7413 +13, ¢ = 2k24+ (ky + T,)° and ¢* is the angle between the 
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from (2.3) we get 


2 (T7415 + T) 


oe (242 + (kn + ra’) aie 
and 
pecs V2 ire a eae 
(23 + (by + 79)")- 
and 
ss -1-1 (71 + 12) [ks (K, + r,) ky (kn 4 r9)| (242 t (kin 4 T)°) [T9711 — knttg + kgns| de" 
9 V2V2 9 Ce + ia) + (kn +79) [in ee nd ee (k, + k?) +27, (Ky A 2) + ast 


(k, a 4) [F 47), — ky (Rn T4)| bk? (In — 79)? 


Corollary 1 Consider that a(s) is a geodesic curve, then the following equa- 
tion holds, 


Consider that a(s) is a geodesic curve, then the following equation holds, 
5 ge — 2 (RHA) 
an (a 
. =1 (te to) ste sot ki, sete), 
2 2 
iii) kj = face a cos y*, 


k= vee sin yp”, 
(kn +t 9)?+(kntto) (kn To—knTy) dy 


fe 
"79 Bhar E)H ry a 


iv) 


3.2. Tn— Smarandache Curves 


Definition: Let M be an oriented surface in E® and let consider the arc - 
length parameter curve a = a(s) lying fully on M. Denote the Darboux frame 
of a(s) {T,g,n}. 

Tn- Smarandache curve can be defined by 


B(s*) = ~(T4n). (3.6) 


1 
V2 
Now, we can investigate Darboux invariants of Tn — Smarandache curve 
according to a = a(s). Differentiating (3.6) with respect to s, we get 


1» dB ds* 1 
= = —(k,T —k —kpn), . 
B ds* ds 7a! + (Ty aS n) (3 7) 
and ae ; 
«28 a 
where 
ds* 2k? + (tT, — kg) 
3.8 
ds 2 2:8) 
The tangent vector of curve 6 can be written as follow, 
7 —1 
T* = (hn TH (rg — fg) & - ht). (3.9) 
2k; + (Ty — kg) 
Differentiating (3.9) with respect to s, we obtain 
dT* ds* -1 
z => _ .—. a (11T+ 728 + y3n) (3.10) 
ds* ds 2\2 


(2K2 + (tT, — kg) ) 


where 


V1 = (Ty — kg) {kn (-k, +7, +knkg ohn) kin(Tq — kg) + kg [2k2 + 7, — kg] } — 2k4 
Yo = kn(Tq — Kg) [2 bog (k2 72)| 2k2 (Knkg +7,—k, — Int) 
13 = (Ty — kg) { i ( ka tT, — knkg + Tokn) +i, (Tq — hy) — Tq [2h2 +79 — ig] — 2ke. 


Substituting (3.8) in (3.10), we get 


V2 


Pe 
(2k2 + (rq — ky)”) 


(7. T+ 728 + 730). 


Then, the curvature and principal normal vector field of curve 6 are respectively, 


__v2 (vit +73) 


“fe , 
(2k2 + (ry — ky)") 


and : 
N* = a (1, T+ 128 + 750). 
Vit. + 3 


On the other hand, we express 


1 T g n 
B= TxN = —kn kg—Tg kn 


2 
Qk? + (tT — hy) Vite +73] 1% y2 73 


So, the binormal vector of curve is 


1 
B= ———_— (1 T4128 + vn) 


2 
2k2 + (tT, — kg) V/Vit73 +73 


where 
y= (Ker) 3 — knV2 
v2>= knVitkn73 
v3 = —kny2+ (T, a kg)11- 


We differentiate (3.7) with respect to s in order to calculate the torsion 


ul 


pf == {(k, +k? — kg (tT, - kg) T+ (Fnkg ra (7,-k,) a kin) et (2 + (Tq — kg) Ty — ki.) n} 


and similarly 
p= (wi T+wog + w3n), 


= 
Vf 


where 


g 
we = he 7" + hen (K, + 2) + (kg — 79) (72 +2 +k?) +74 (2k, = i2) + 2kgki, 
Ww; = —k, +27, (7,-k5) + kn (3k, + Ta +79 (kg + )) + (kg — Tg) (Fnkg _ 7) ; 


w1 =k, — kg (7,-Fy) + kn (3k, 7? — 2 i?) + ky (kg — Ty) 


The torsion of curve ( is 


, 


(wi +w3) [Fn @ ky) k,, (Tg—kg) 4 ki, (Tot ky)| + (Tg—Kg)” (Tgw1 + kgws) + 
1 Fin (To—hg) [Fen (wr — ws) + wa (ky — Ty)] — 2kn ( i i) fas 
V2 9 (K2 + kA) + (rye) [2 (42 — b,) — 2 (42 — Ry) Ro] + (rym hy)? (LER + 
(ry - ky) | (74 — By) +2 (inky + kn 9)] + 42 (kg +79) 


The unit normal vector of surface M and unit vector g of 6 are as follow. Then, 
from (2.1) we obtain 


G = Tag ((veeose 7, +siny v1) T+ (Vicose Yo +siny v2) gt+ (Ve cosy 73 +siny v3) n}, 
7 


r* 


and 
Ne = a {( cos p* — Jsin em) nee (v2 cos y* — Jvsin e* 72) a (vs cosy" — Vising*ys) n} , 


where m = /¥i+73 + 73, U = 2k2 +(7, - kg)? and y* is the angle between the 
vectors g* and n*.Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from (2.3) we get 


(yeane 2 
ke _ (yit79 + 7%) cosy", 
(282 + (r9—k,)”) 
and — ; 
2 
ke = (yit7s Be 5) sin y*, 
(2K2 oF (To—ky)) 
and 


(w1 +03) [ln Ge ky) ky, (Tg—kg) + ke (rotky)| t (Tg—kg)” (Tow + kgws) + 
5 <1 fa (tg) Un (w1 ~ ws) + 02 (hy — 79)] — 2kn (iy + AR) 2 ap 
9 9 (K)2 + kA) + (rg—hy) [2 (42 — ki.) — 2 (82 — ,) ig] + (roy)? (1 + 2) + “ae 
(ry Ky) |(74 — &,) +2 (enkeg + kntg)] +42 (hey +79)” 


* 


Corollary 2 Consider that a(s) is a geodesic curve, then the following equa- 
tion holds, 


Consider that a(s) is an asymptotic line, then the following equation holds, 
oe — V2 (G+75) 
ean a 
x <1 (kg—T9) (Kate koTg ) 
© V2 (14K; ) (Ta kG) (Thy) (Taka)? 
vi ge yf? (RG +TS) « 
itt) kg = gehen ; 


it) T 


, 2 (k2 +72) . 
iw) ke = sr eo sin y*, 
a 
* -1 (kg—T9)(¥,7a— ) 


= 
~ 

a) 

II 


kav, dy* 
i= AUG Re eens te 


3.3. gn— Smarandache Curves 


Definition:Let M be an oriented surface in E% and let consider the arc - length 
parameter curve a = a(s) lying fully on WM. Denote the Darboux frame of a (s) 
{T,g,n}. 

gn - Smarandache curve can be defined by 


B(s*) = s (g+n). (3.11) 


Now, we can investigate Darboux invariants of gn — Smarandache curve 
according to a = a(s). Differentiating (3.11) with respect to s, we get 


»  dBds* —1 
B= i RG: ((kn + kg) T+Tgg —T9N), (3.12) 
and a8 j 
4S = 
a ((kn + kg) T+79g — Ton) 
where 


ds* [272 + (kn + ky)? 
= a ar (3.13) 


The tangent vector of curve 6 can be written as follow, 


—1 
T* = ——____ (ky, + kg) T+1798 — Tn). (3.14) 


D3 + (kn + hy)? 
Differentiating (3.14) with respect to s, we obtain 
dT™* ds* =| 
de® ds Pn gg MT + Avg + Asn) (3.15) 
(272 + (Kn + hy)”) 


where 


dy = 2197, (ken + ky) — +k.) +4 (ky — kn )(2ré + hn + e)”) 
dp = 274 + Ty (kin | sale — 2r gh] — (kn + ky)” ( (iin + kg) ky + 74+72) 


; 
Ag = —2744+14 (kn + kg) [en oe or gk n] +( (kn + kg)? (= (Fin + hy) fin + 71,—72) 


, 
n 
, 
n 


Substituting (3.13) in (3.15), we get 


: 2 
T= a (Av T-+Azg + Asn). 


(272 + (kn + ky)”) 


Then, the curvature and principal normal vector field of curve 6 are respectively, 


; 2 (Aj+A5 + A3) 
gle Ee, 
2 
(272 + (kn + kg) ) 
and i 
N* = SSS (Ar T+)2g + A3n). 
4/ AT +Ag + A3 
On the other hand, we express 

T g n 
B* =T*xN* = —(kn +kg) —Tg Ty 


4/ 2k2 + (Tq — kg) 4 2k2 + (Ty — by)? 242 +2 +3 M1 A2 AB 


So, the binormal vector of curve 6 is 


1 


B* = SS (p,T+pog + p3n) 
272 + (kn + kg) \/ Aj +Ag + A3 
where 
Py = —TgA3 — Tgr2 


Po =TgrA1 + (kn + kg) A3 
p3 = —(ky + kg) A2+T gA1- 


We differentiate (3.7) with respect to s in order to calculate the torsion 


” 


B 


= {(k, +k +, (kn—ky)) T+ (Fo(hn + kg) + ry+73) g+ (Fn (Kn hye ryt7?) n} 


and similarly 


= (vi: T+x28 + x30) 
= n 4 
J/2 X1 X28 X3 


10 


where 


X= 4, — 2 (Ken — hg) + 7g (K, a ky) — (kin + kg) (72 + #2 + k2) 
Xo = 7 + Dy Ce k,) 3797, + (kn + ky) (k, — Thin) + ket (kn — ky) — 73 


Xa = 75 + Din (Ie, + hy) + 397g + (Fin + hy) (ky + Tohig) + kinTg (kn — ky) +7 


The torsion of curve ( is 


, 2 , 2 

(kin + kg)? ((" +19) + hy (kn + ky)) Xs ((r, To) — Kn (hu + k,)) Xo+ 

y , 2 
T (Kin + fig) Xa] ~ 79 (x2 + xa) | (Fa + hy) +79 (kn — he] 
(Kn + kg)” (k2 + k2) +2 (Kn + kg) [kg (7, +72) + 2kn (72 —7,)] + 
/ , t 2 
ar,” + 2rt4 [Ce | k,) + Tg (kn kg)| 
The unit normal vector of surface M and unit vector g of 6 are as follow. 
Then, from (2.1) we obtain 


g= aa {(VAcos paArt sin g"p,) T+ (VAcos p rA2 + sin p" p2) gt+ (VAcos prA3 + sin p" ps) n} ; 
and 
n* = = {(r cos y* — VAsin eo) T+ (2 cos y* — VAsin e"d2) gt+ (05 cos y* — VAsin o*ds) n} ; 


where Q = 4/A7+A3 +43, A= 272+ (kn + kg)” and ¢* is the angle between the 
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from (2.3) we get 


2 (AT+A5 + A3) 
= ——_—_—_—_————_ tos", 
(272 + (kn + ky)”) 


* 


g 


and 
2 (AT+A3 + A3) 
ky = —————— sing", 
(272 + (kn + by)” 
and 
2 , 2 f 2 
(kn + kg) ( ("4 + 9) ts kg (kin + k,)) X3 ((r, i) kn (kin ole k)) Xr 
tT Fi 2 
, 1 Ts (kn + kg) X1] — Te (X2 + Xs) [(#: + ky) + Tq (kn — kg)| dy* 
r= 


g 
ar,” + 2r44 [(e k,) + T 9 (kn ky)| 


11 


Corollary 3 Consider that a(s) is a geodesic curve, then the following equa- 
tion holds, 


Consider that a(s) is a principal line, then the following equation holds, 
2 (k2 +72) 


DNR eee 

, , 
i) <1 (hntta)+ (Ro kn= akg) 
TS TERR) +(Re 475) nth) 
= 2 (k2 +72) 
Wit) kg = eer, OOS 
; 2 (k2+72) , 
iv) ky = veer) are 

v 

j= (kntT9)?+(kokn— baky) + 4¢° 


3.4 Tgn— Smarandache Curves 


Definition 1 Let M_ be an oriented surface in E° and let consider the arc - 


length parameter curve a = a(s) lying fully on M. Denote the Darboux frame 
of a(s) {T, gn}. 


Let M be an oriented surface in E® and let consider the arc - length parameter 
curve a = a(s) lying fully on 7. Denote the Darboux frame of a (s) {T,g,n}. 
Tgn- Smarandache curve can be defined by 


B(st) = = (T +gtn). (3.16) 


Now, we can investigate Darboux invariants of Tgn — Smarandache curve 
according to a = a(s). Differentiating (3.16) with respect to s, we get 


/_ dBds*  -1 


B= ra Fi ((kn + kg) T+ (Tg—kg) & — (Tg +kn)n), (3.17) 
and 
,as* —1 
T Ag = Wa ((Kn + kg) T+ (t)—k;) g- (Tg+kn)m) 
where 
ds* (kn + Re): ath (Tg—kg)” ae (Totkn)” 
= {| — sO (3.18) 
ds 3 
The tangent vector of curve 6 can be written as follow, 
7 -1 
= SSS ((kn + kg) T+ (Tg—kg) & — (Tg tkn)n) . 
(kin + kg)” + (Tg-kg)” + (Tg+kn) 
(3.19) 


Differentiating (3.19) with respect to s, we obtain 


dT* ds* oa 
ds* ds ar (61T +528 + 03m) (3.20) 


((ien a, kg). + (Tg—kg)” a (To+kn)” ° 


where 


61 = (Kn + kg)” [Kig (Tg—Kg) — Rin (Tg+Kn)] + (Rin + keg) (rok) (7,-k, ) + (Tg+kg) (7,+k,,)| + 
((ro—hg)? ar (To+kn)”) [ks (Tg—kg) — (k,+%;,) — kn (To +hn)] 


62 = (T, kg) | kg(kn a) Tg (Tgtkn oe 


iT 9) (rg + kn) ‘i atk) + (Tq+kn) (r,+k,.) | + 
(kig + kn)? + (Ty+kn)” (kg + kn) k 


k 
-r,) TG (Tgtkn) 


53 = (Tq + Bn)” [tg (kg—Ta) — Bn (lig + fn)] + (To + fin) [— (Fig + Fn) (iy + hn) — (Tog) (74, ) | + 
(hg ap ei). + (Ty-ky)”) E (kg — Tq) + (r,+k,) —ky (g-+hn)| 


Substituting (3.18) in (3.20), we get 


3 
v3 5) (61 T+dog + 63n) . 


pe = 
((ien + keg)? t (Ty ky + (TA Kae 


Then, the curvature and principal normal vector field of curve 6 are respectively, 


2 (6[+63 + 63) 


Fe (ee es a 
| 2 2 2\? 
(in + kg)” + (Tg-kg)” + (Tg+kn) ) 
and 1 
N* = —————————. (6 T+ 2g + 63n). 
(5[+65 + 63) 
On the other hand, we express 
1 T g n 
B* = T*xN* = ————_______— eee | (ky tg) g—Tg Ty thn 
(kin + kg)” + (Ty kg)” + (To kn)? (57-+03 + 63) J1 be 63 
So, the binormal vector of curve ( is 
‘ 1 
B= —— (9 T+ 028 + 930) 


(kn + kg)? + (Tg—kg)” + (Tothn)?4/ AZ+22 + 22 
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where 


02> (Tgt+kn) Oy + (kn + kg) 63 
03> (kin t kg) 62 (Kg Tq) 41. 


We differentiate (3.17) with respect to s in order to calculate the torsion 


| a1 = (kg—Tg) 63— (Tg+kn) 52 


ee: Kg + Bn + By (By~T) + Bs (Torthn)) TH+ (Ral + Ba) + (roy) +79 (Torte) et 
kn (kn + kg) +79 (Tg—kg) (r,+#n)) . 


and similarly 


-1 
p= VB (€:T+é.8 + €3n), 
where 
fy = ky + ky — 2k, (ky —7,,) — Bn + by) (RE + 42) + (kig—7) (He, + kno) + 
2kn (K, tr i) + (kn + Tq) (a - kgT9) 
fg = —hy +27, (K, + 4) + 2k, (k, + ky) + (kn + kg) (K, - Int) + 
(Tgtkn) (Knkg + ai) + (kg—Tg) (ke+7?) 


é,=- (7) +k, ) + Qn (K, + k,) + (Tg—kzg) (@ Inky) t (Kn + kg) (k, + kar) - 
Ory (ri, — hy) + (lin + 79) (2 +72). 


The torsion of curve ( is 


(kn + kg) (kg -_ Tg) (ges an kin€1) + (kg a a) (55 a kig€3) El 


k, Tr : [(kg — Ty) £1 + (kn + kg) Eo] 
ky + : [Cen 9) Ei + (kg — Tg) & (lin +79) 0] + 
(kn + eq) Garay i kn€a) Tr 
(Kn + 7g) (Kn + kg) (Tabs + kgés) + (hn +79)” (ges — Kné2) + 
=the = 79) (in +79) Fins — kya) + (kn + bg) (74, — Fy) 
ee (hig — Ty)” (KB +73) +2 (ke, + i) [Beg (Bg — 79) + hin (Fin + 79)] + 
(kn + as (ke i) 2 (Kn Tq) Tg \Tg Ks; ka (kn 4 Tq) + 
(kn + kg)” (k2 +72) +2 (kn + kg) kg (7) — ky 
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The unit normal vector of surface M and unit vector g of 6 are as follow. Then, 
from (2.1) we obtain 


g= a { (VKeos port sin y*c1) T+ (VXcos yp" d2 + sin e*02) gt (VKcos p63 + sin e'03) n} ; 
and 
n* = a {(o1 cos p* — Visin 9"61) T+ (02 cos p* — Visin "62 ) gt+ (cs cos y* — Visin g"5s) n} ; 


where ® = 1/6?+62 + 62, A= (kn + kg)” + (Tg—kg)” + (Tgtkn)> and y* is the 
angle between the vectors g* and n*. Now, we can calculate geodesic curvature, 
normal curvature, geodesic torsion of curve , so from (2.3) we get 


2 (67 +53 + 63) 
k3 = ore 8 ">, 
2 


‘ (in a + (Ty hays + (Tg+kn) ) 


and 
2 (6]+63 + 63) 
= sin’, 
((in + Ra) + (Tg—kg)” at (To+kn)”) 
and 
(kn + kg) (kg a Tq) (gb. = fees) + (kg _ T9) (woe, + kgs) a 
ke a ») [(kg — Ty) €1 + (kn + kg) €9] — 
Re male a [ (en + 4) £1 + (kg — Tg) &3 — (kn + Tg) é| am 
(kin + oe (Toes = kin€2) Tr 3 
(kn + Tq) (kn + kg) (3b + kgés) + (kn + Tq) kgf oa kn€2) TF 
_=1 (hy — 74) (Fin +74) (nbs — haba) + (Ru + ba) (79 — Ke) dy 
‘v3 (kg — Te) (ke au Te) +3 e + :) [kg (kg — Tg) + kn (kn +7 9)] + ds* 
(hin +79)” (K2 +72) +2 (hn +79) [ta (Ty — Ky) +43 (kn + 74)| + 
(kin + hg)” (#2 +72) +2 (kn + hy) [hig (74 —K,) — Fen (74 +#,)] + 
2 \2 f ee , Aw 
kinTg (Tg — kg) (k, ky) t (ke +72) + (7, ky) ee kn) 4 
—27 9 (Tg — kg) e a ki.) 
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